Abstract. We introduce a notion of ξ-stability on the affine grassmannian X for the classical groups. For the group SL d , we calculate the Poincaré series of the quotient X ξ /T of the stable part X ξ by the maximal torus T by a process analogue to the Harder-Narasimhan reduction.
Introduction
Let k be an algebraically closed field, F = k((ǫ)) the field of Laurent series with coefficients in k, O = k [[ǫ] ] the ring of integers of F , p = ǫk [[ǫ] ] the maximal ideal of O. Let val : F × → Z be the discrete valuation normalized by val(ǫ) = 1.
Let G be a classical group over k, let T be a maximal torus of G. Let K = G(O) be the standard maximal compact subgroup of G(F ). Let X G = G(F )/K be the affine grassmannian associated to G. We simplify X G to X when the context is clear. We introduce a notion of ξ-stability on the affine grassmannian X , which is a local version of the ξ-stability on the Hitchin space introduced by Chaudouard and Laumon. First of all, we show that the quotient X ξ /T of the stable part X ξ by the torus T exists as an ind-k-scheme, by a calculation with the geometric invariant theory of Mumford. Then we introduce a reduction process which permits to reduce the non-ξ-stable parts onto the ξ Mstable parts on the affine grassmannian associated to the Levi subgroups of G containing T . Finally, for the group SL d , we calculate the Poincaré series of X ξ /T . There are two ingredients in the proof: the first one is the fact that X ξ /T is homologically smooth and hence satisfies the Poincaré duality, the second one is to give a lower bound on the codimension of the non-ξ-stable parts. The main result can be summarized in the following theorem.
Theorem 0.1. Let G be a classical group over k, let T be a maximal torus of G. The geometric quotient X ξ /T exists as an ind-k-scheme, and it satisfies the valuative criterion of properness. For G = SL d , the Poincaré series of X ξ /T is
Notations. Let Φ = Φ(G, T ) be the root system of G with respect to T , let W be the Weyl group of G with respect to T , and let W be the extended affine Weyl group. For any subgroup H of G which is stable under the conjugation of T , we note Φ(H, T ) for the roots appearing in Lie(H). We use the (G, M ) notation of Arthur. Let F(T ) be the set of parabolic subgroups of G containing T , let L(T ) be the set of Levi subgroups of G containing T . For every M ∈ L(T ), we denote by P(M ) the set of parabolic subgroups of G whose Levi factor is M . Let X * (M ) = Hom (M, G m ) and a * M = X * (M ) ⊗ R. The restriction X * (M ) → X * (T ) induces an injection a * M ֒→ a * T . Let (a M T ) * be the subspace of a * T generated by Φ(M, T ). We have the decomposition in direct sums
T ⊂ a T be the subspace orthogonal to a * M , and a M ⊂ a T be the subspace orthogonal to (a M T ) * , then we have the decomposition
For M ∈ L(T ), we use Λ M to denote the quotient of X * (T ) by the coroot lattice of M (the subgroup of X * (T ) generated by the coroots of T in M ). We have a canonical homomorphism
naturally with Z r , and the application ind M : X M → Z r is nothing but
For any point x ∈ X M , we call ind M (x) the index of the lattice represented by x. For M = GL d , we simplify ind GL d to ind.
we have the retraction (M ) . These retractions satisfy the transition property: Suppose that Q ∈ P(L) satisfy Q ⊃ P , then
We have the function
be the coroot which is positive with respect to B ′ and negative with respect to B ′′ . Then for any x ∈ X , we have
The geometric quotient X ξ /T of X ξ by T exists as an ind-k-scheme. In fact, it is the direct limit of a family of projective varieties over k.
Although the proof is a case by case analysis, the main idea rests the same. So we will give a detailed proof only for GL d , and indicate the modifications for the other classical groups.
1.2. The group GL d . Let G = GL d , let T be the maximal torus of the diagonal matrices. The affine grassmannian classifies the lattices in F d , i.e.
Since all the connected components of X are translations of the neutral connected component X (0) , it is enough to study
A lattice L ∈ X of index 0 is ξ-stable if and only if for any permutation τ ∈ S d , we have
and the proposition follows.
It is a T -invariant projective k-variety, and we have
We will prove the following result, which implies the proposition 1.2.
with its i-th factor acts as homothetie on E i , thus it acts on X. Given r i , s i ∈ N, let S ⊂ T be the sub torus of T defined by
. . .
We will give a geometric description of the (semi-)stable points of X under the action of S with respect to the polarization given by the line bundle L, using the criteria of Hilbert-Mumford. Let Z be a projective algebraic variety over k endowed with the action of a reductive group H over k, let L be an ample H-equivariant line bundle over Z. Let λ : G m → H be a homomorphism of algebraic group, then G m acts on Z via the morphism λ. For any point x ∈ Z, the point x 0 := lim t→0 λ(t)x exists since Z is projective. Obviously x 0 ∈ Z Gm , thus G m acts on the stalk L x 0 . The action is given by a character of G m , α : t → t r , for some r ∈ Z. Let µ L (x, λ) = −r. Theorem 1.5 (Hilbert-Mumford). Let Z be a projective algebraic variety over k endowed with the action of a reductive group H over k, let L be an ample H-equivariant line bundle over Z. Let Z ss (resp. Z st ) be the open sub variety of Z of the semi-stable (resp. stable) points. Then for any geometric point x ∈ Z, we have
For the proof, the reader can consult [M] , page 49-54. Lemma 1.6. We have
where V i ⊂ E i is a sub vector space.
is regular. The stability condition is equivalent to the condition that −µ L (V, λ n ) < 0 for all such n ∈ Z d−1 . Up to conjugation, we can suppose that
is a sub vector space of dimension a i . We have the relation
So the stability condition can be written as
(We use the relation n = a 1 + · · · + a d in the second equality.)
The equality (4) is a question of maximal value of a linear functional on a convex region, so it suffices to look at the condition at the boundary, i.e.
The inequality (5) gives
so the inequality (4) implies
The inequality (6) gives
We can express the inequalities (7) and (8) 
with the help of the dimension relation (3).
Let
We remark that
The above calculations can be reformulated as follows:
The same result holds for the semi-stable points with "<" replaced by "≤".
Comparison of two notions of stability.
First of all, we embed X n as a closed subvariety of some grassmannian. Lemma 1.8. The algebraic variety X n is a Springer fiber.
Let Gr nd,nd 2 be the grassmannian of sub vector spaces of dimension nd in k nd 2 . We embed X n in Gr nd,nd 2 by the injective morphism ̺ n : X n → Gr nd,nd 2 defined by
The image of ̺ n is the Springer fiber
is the endomorphism defined by the multiplication by ǫ.
For the reason of dimension, we use another embedding ̺ ⊥ n : X n → Gr nd(d−1),nd 2 . We define an inner product on the vector space
For a sub vector space V ⊂ k nd 2 , let V ⊥ be the orthogonal complement of V with respect to this inner product. It induces an isomorphism ⊥ : Gr nd,nd 2 → Gr
, and let Y n denote again the image of X n in Gr nd(d−1),nd 2 under ̺ ⊥ n . Proof of proposition 1.4. Since the quotient X ξ /T doesn't depend on the choice of ξ, we can suppose that
, we have the equality
. The hypothesis on ξ implies that x i ∈ Q, x i > 0 and
Let S n ⊂ T be the torus defined in (1) for the above r i , s i . The equality (9) implies that
Combining the proposition 1.3 and the proposition 1.7, we get
n . Since ξ is supposed to be generic and ξ i are positive and small enough for i = 1, · · · , d−1, the "<" in the inequality (10) is the same as "≤". That is to say that Y ss n = Y st n and so the quotient Y ss n //S n = Y st n /S n is a projective k-variety by the geometric invariant theory of Mumford. The following lemma shows that
Proof. It is equivalent to show that the induced morphism of character groups X * (T /Z G ) → X * (S n ) has non zero determinant. By a direct calculation, this determinant is
which is non zero by the choice of r i , s i .
1.3. The groups Sp 2d and SO 2d . Let (k 2d , , ) be the standard symplectic vector space over k such that e i , e 2d+1−i = δ i,j , i, j = 1, · · · , d. Let Sp 2d be the symplectic group associated to it, let T be the maximal torus of Sp 2d consisting of the diagonal matrices. Let (F 2d , , ) be the scalar extension of (k 2d , , ) to F . For a lattice L in F 2d , let
The affine grassmannian associated to Sp 2d classifies the lattices
It is a T -invariant projective k-variety and we have X = lim n→+∞ X n . Let ρ n : X n → Gr 2nd,4nd be the injective T -equivariant morphism defined by
Let Y n be its image, it is isomorphic to X n . Let ι : Gr 2nd,4nd
Let GSp 2d be the reductive group over k such that for any k-algebra R,
We have an exact sequence
from which it follows that X is the neutral connected component of X GSp 2d . Let
It is a maximal torus of GSp 2d . Let G m be the center of GSp 2d , then T /G m acts freely on X and we have
Consider the sub torus S n of T defined by
Lemma 1.10. The morphism S n → T /G m is an isogeny.
Proof. As before, we need to calculate the determinant of the morphism of character groups
which is non zero by the definition of r i , s i .
As we have done for GL d , we can calculate the S n -(semi)-stable points Y st n (resp. Y ss n ) on Y n with respect to the polarization given by the line bundle L, and obtain the following comparison result, which implies the proposition 1.2. Proposition 1.11. Under the above setting, a lattice L ∈ X n is ξ-stable if and only if
For the group SO 2d , the strategy is totally the same, unless we need to use the standard quadratic space (k 2d , , ) over k such that e i , e 2d+1−i = δ i,j , i, j = 1, · · · , 2d, instead of the standard symplectic vector space.
1.4. The group SO 2d+1 . Let (k 2d+1 , , ) be the standard quadratic space over k such that e i , e 2d+2−i = δ i,j , i, j = 1, · · · , 2d + 1. Let SO 2d+1 be the orthogonal group associated to it, and let T be the maximal torus of SO 2d+1 consisting of the diagonal matrices. Let (F 2d+1 , , ) be the scalar extension of (k 2d+1 , , ) to F . For a lattice L in F 2d+1 , let
The affine grassmannian associated to SO 2d+1 classifies the lattices
It is a T -invariant projective k-variety and
Let ρ n : X n → Gr n(2d+1),2n(2d+1) be the injective T -equivariant morphism defined by
Let Y n be its image, it is isomorphic to X n . Let L again be the T -equivariant line bundle on Y n induced by the Plücker embedding of Gr n(2d+1),2n(2d+1) . Let GO 2d+1 be the reductive group over k such that for any k-algebra R,
from which it follows that X is the neutral connected component of X GO 2d+1 . Let
It is a maximal torus of GO 2d+1 . Let G m be the center of GO 2d+1 , then T /G m acts freely on X and we have
Lemma 1.12. The morphism S n → T /G m is an isogeny.
As before, we can calculate the S n -(semi)-stable points Y st n (resp. Y ss n ) on Y n with respect to the polarization given by the line bundle L, and obtain the following comparison result. It implies the proposition 1.2. Proposition 1.13. Under the above setting, a lattice L ∈ X n is ξ-stable if and only if
Reduction of Arthur-Kottwitz
We will introduce an analogue of the Harder-Narasimhan reduction on the affine grassmannian, which we will name the reduction of Arthur-Kottwitz.
For P ∈ F(T ), let P = M N be the standard Levi factorization. Let
Definition 2.1. For any geometric point x ∈ X , we define a semi-cylinder
). By definition, we get a partition
such that the interior of any two members doesn't intersect. The figure 1 gives an idea of this partition for GL 3 .
So for any x / ∈ X ξ , there exists a unique parabolic subgroup P ∈ F(T ) such that ξ ∈ C P (x) since ξ is generic. In this case,
Lemma 2.1. We have a stratification of the affine grassmannian
For P ∈ P(M ), let P − be the parabolic subgroup opposite to P with respect to M . Let
Ec(x) Figure 1 . Ec(x) and C P (x) for GL 3 .
We remind that X M is embedded naturally in X by the inclusion
is a embedding naturally in S P .
Proposition 2.2. We have
For the inverse inclusion, let x ∈ X M,ξ M P ⊂ S P , u ∈ N (F ), then f P (ux) = f P (x) and so H P (ux) = H P (x). They imply that C P (ux) = C P (x), so ux ∈ S P . The lemma 2.1 and the proposition 2.2 enable us to reduce the affine grassmannian X into the ξ M -stable parts of X M , M ∈ L(T ). This process is called the reduction of Arthur-Kottwitz. 3. Poincaré series of X ξ /T for SL d Let k = F p , let l be a prime number different from p. Let G = SL d , let T be the maximal torus of G consisting of the diagonal matrices, let B be the Borel subgroup of G consisting of the upper triangular matrices. Let X + * (T ) be the cone of dominant cocharacters µ of T with respect to B.
3.1. Poincaré series of the affine grassmannian. Let V be a separated scheme of finite type over k, we use the notation:
Its Poincaré polynomial is defined to be
For an ind-k-scheme V = lim n→+∞ V n , we define
If dim(H i (V)) < +∞ for all i ∈ N, we define the Poincaré series of V to be
Proposition 3.1 (Bott) . The Poincaré series of the affine grassmannian is
The reader can find in [B] a topological proof, and in [IM] a combinatorial proof.
3.2. X ξ /T is homologically smooth. The aim of this section is to prove the following result:
Lemma 3.2. For any n ∈ N, the algebraic variety X ξ n /T is homologically smooth. In particular, it satisfies the Poincaré duality.
The proof is based on an observation of Lusztig in [L] , later generalized by Mirkovic and Vybornov in [MVy] , which says that the affine grassmannian has the same singularity as the nilpotent cone.
For µ ∈ X + * (T ), let Sch(µ) = Kǫ µ K/K. We have the stratification in K-orbits
where λ ≺ µ means:
So Sch(µ) is equisingular along Kǫ λ K/K, hence the local singularity of Sch(µ) along Kǫ λ K/K is the same as that of a transversal slice to
The reader can consult [BL] for a proof. For N ∈ N, let N be the nilpotent cone of gl N . The reader can consult [BM] for a proof. Let p(N ) be the set of partitions of N . By a partition of N , we mean a tuple of numbers (a 1 , · · · , a n ) ∈ N, a 1 ≥ · · · ≥ a n ≥ 1 such that a 1 + · · · + a n = N . For λ ∈ p(N ), let u λ be the Jordan matrix of type λ and let O λ be the orbit of u λ under the conjugation action of GL N . For µ ∈ p(N ), we have the stratification in GL N -orbits
where λ ≺ µ means that for any i, we have
Thus O µ is equisingular along O λ , and so the local singularity of O µ along O λ is the same as that of a transversal slice to O λ in O µ .
In [MVy] , Mirkovic and Vybornov construct a transversal slice to O λ in O µ . We review briefly their construction. Let λ = (λ 1 , · · · , λ r ), let {e i,j , i = 1, · · · , λ j ; j = 1, · · · , r} be the standard basis of k N such that u λ e 1,j = 0, et u λ e i,j = e i−1,j , i = 2, · · · , λ j ; j = 1, · · · , r. Theorem 3.6 (Mirkovic-Vybornov). For λ, µ ∈ X + * (T ), λ ≺ µ, there exists an isomorphism
So the singularity of Sch(µ) along Kǫ λ K/K is the same as that of O m−µ along O m−λ . In particular, we have Corollary 3.7. For n ∈ N, the algebraic variety X n is homologically smooth.
Proof. Take ν = (n, · · · , n, −(d − 1)n) ∈ X + * (T ), we have X n = Sch(ν). Now that O n−ν is the nilpotent cone in gl dn , the corollary follows from theorem 3.4.
Since B ⊂ P , we have X λ = ǫ µ ∈(X λ ) T
C(µ).
So the question is to bound the dimension of C(µ) under the condition that µ i ≤ n and that Remark 3.1. We can also use the dimension formula in theorem 3.2 of [MVi] to obtain the same estimation.
For n ∈ N, let τ n be the truncation operator on k [[t] ] defined by
Theorem 3.10. The Poincaré series of X ξ /T is
Further more, we have H 2i+1 (X ξ /T ) = 0, and the Frobenius acts on H 2i (X ξ /T ) by q −i , ∀i ≥ 0.
Proof. We have the exact sequence
